We reevaluate the hadronic vacuum polarisation contributions to the muon magnetic anomaly and to the running of the electromagnetic coupling constant at the Z-boson mass. We include newest e + e − → hadrons cross-section data together with a phenomenological fit of the threshold region in the evaluation of the dispersion integrals. The precision in the individual datasets cannot be fully exploited due to discrepancies that lead to additional systematic uncertainty in particular between BABAR and KLOE data in the dominant π + π − channel. For the muon (g − 2)/2, we find for the lowest-order hadronic contribution (693.9 ± 4.0) · 10 −10 . The full Standard Model prediction differs by 3.3σ from the experimental value. The five-quark hadronic contribution to α(m 2 Z ) is evaluated to be (276.1 ± 1.0) · 10 −4 .
Introduction
The Standard Model (SM) predictions of the anomalous magnetic moment of the muon, a µ = (g µ − 2)/2, with g µ the muon gyromagnetic factor, and of the running electromagnetic coupling constant, α(s), an important ingredient of electroweak theory, are limited in precision by hadronic vacuum polarisation (HVP) contributions. The dominant hadronic terms can be calculated with the use of experimental cross-section data, involving e + e − annihilation to hadrons, and perturbative QCD to evaluate energy-squared dispersion integrals ranging from the π 0 γ threshold to infinity. The kernels occurring in these integrals emphasise low photon virtualities, owing to the 1/s descent of the cross section, and, in case of a µ , to an additional 1/s suppression. About 73% of the lowest order hadronic contribution to a µ and 58% of the total uncertainty-squared are given by the π + π − (γ) final state, 1 while this channel amounts to only 12% of the hadronic contribution to α(s) at s = m 2 Z [1] . In this work, we reevaluate the lowest-order hadronic contribution, a had,LO µ , to the muon magnetic anomaly, and the hadronic contribution, ∆α had (m 2 Z ), to the running α(m 2 Z ) at the Z-boson mass using newest e + e − → hadrons cross-section data and updated techniques. In particular, we perform a phenomenological fit to supplement less precise data in the low-energy domain up to 0.6 GeV. We also reconsider the systematic uncertainty in the π + π − channel in view of discrepancies among the most precise datasets.
All the experimental contributions are evaluated using the software package HVPTools [2] . To these are added narrow resonance contributions evaluated analytically, and continuum contributions computed using perturbative QCD.
Combination of experimental inputs
The integration of data points belonging to different experiments with their own data densities requires a careful treatment especially with respect to correlated systematic uncertainties within the same experiment and between different experiments, as well as within and between different channels. Quadratic interpolation (splines) of adjacent data points is performed for each experiment, and a local combination (weighted average) between the interpolations is computed in bins of 1 MeV, or in narrower bins for the ω and φ resonances. Doing so, the weight determination for the various contributions conservatively uses only locally the information on the size of the uncertainties and on the correlations between the measurements, which is actually not perfectly known.
Generally speaking, the estimated systematic uncertainties are impacted by uncertainties on their size and on correlations (among data points of a given experiment and among experiments), because of several reasons. Indeed, systematics are evaluated in relatively wide mass ranges with sharp transitions between them (see e.g. Refs. [3, 4] ), the event topologies change between the measurements performed at different centre-of-mass energies ( √ s) (impacting e.g. acceptance and tracking efficiency), the background composition changes with √ s, the systematics of trigger and tracking can be correlated when the latter is involved in the trigger decision and even one standard deviation is statistically not well defined for systematic uncertainties. 2 The uncertainties provided for each measurement are propagated using pseudo-experiment generation, allowing to evaluate covariance matrices between all the measurements of a given channel, between the experiments in all the fine bins, between the bins of the combination result, as well as between the integrals using interpolations or respectively a fit. Correlations between channels are accounted for by propagating individually the common systematic uncertainties. 3 Where results from different datasets are locally inconsistent, the combined uncertainty is rescaled according to the local χ 2 value and number of degrees of freedom following the PDG prescription [8] . For the dominant π + π − channel such inconsistencies are currently limiting the precision of the combination (see discussion below). In most exclusive channels the largest weight in the combination is provided by BABAR data.
Closure tests with known distributions have been performed in the dominant π + π − channel to validate both the combination and integration procedures.
Input data
Exclusive bare hadronic cross-section measurements for 32 channels are integrated up to 1.8 GeV over the relevant dispersion kernels. This analysis uses all the available public data with recent additions [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . References for data already included in our 2017 analysis are provided in the corresponding paper [1] as well as earlier publications [19, 20] .
In the energy range 1.8-3.7 GeV and above 5 GeV four-loop perturbative QCD is used [21] . The contributions from the open charm pair production region between 3.7 and 5 GeV are again computed using experimental data. For the narrow resonances J/ψ and ψ(2S) Breit-Wigner line shapes are integrated using their currently best known parameters [8] .
The following discussion of individual channels focuses on the HVP contribution to a µ as it relies more strongly on the low-energy experimental data. We mainly explore the impact of the data released since our last publications [1, 19] . If not stated otherwise, all numerical results for a µ are quoted in units of 10 −10 .
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In other areas, uncertainties on uncertainties and on their correlations have recently been studied and several different "configurations"/"scenarios" of uncertainties were published [5] [6] [7] . 3 A number of 15 such uncertainties are accounted for in the current study. Typical examples are the luminosity uncertainties, if the data stem from the same experimental facility but measure different channels, and uncertainties related to radiative corrections.
The π + π − channel
Data from the BABAR [3, 22] and KLOE [4, 23, 24] experiments dominate the measurement of the π + π − channel. Their sub-percent precision is not matched by the other experiments (CMD-2, SND, and BESIII 4 ). New data in this channel stem from CLEO [12] using large angle initial state radiation (ISR) and taking into account up to one additional photon, following the BABAR method [22] . Relatively large statistical uncertainties and a systematic uncertainty of 1.5% are, however, insufficient to improve the precision of the combined π + π − contribution. Recently, a combination of the three KLOE measurements was proposed [26] . We do not use this combination as the KLOE measurements correspond to different ISR topologies and normalisation procedures. 5 Eigenvector decomposition of the statistical and systematic covariance matrices of the three most recent series of KLOE measurements [26] is used. Each eigenvector multiplied by the square-root of the corresponding eigenvalue is treated as an uncertainty source that is fully correlated between the KLOE data points, while the individual sources are treated as independent among each other. Pseudo-experiments are generated in the usual way to propagate correlated uncertainties among the KLOE measurements. Figure 1 shows the available e + e − → π + π − crosssection measurements in various panels zooming into different energy ranges. The green band indicates the HVPTools combination within its 1σ uncertainty. Comparisons between the combination and the most precise individual measurements are plotted in Fig s per experiment. The BABAR and KLOE measurements dominate over the entire energy range. Owing to the sharp radiator function, the KLOE event yield increases towards the φ(1020) mass leading to a better precision than BABAR in the 0.8−1.0 GeV region. The group of experiments labelled "Other exp" in the left panel of Fig. 3 corresponds to older data with incomplete radiative corrections. Their weights are small throughout the entire energy domain. The right hand panel of Fig. 3 shows the scale factor versus centreof-mass energy that is locally applied to the combined π + π − cross-section uncertainty to account for inconsistencies among the individual measurements. Signifi- 4 There is a small inconsistency between the bin-by-bin statistical uncertainties and the diagonal values of the statistical covariance matrix of the π + π − data published by BESIII [25] . 5 Using the KLOE combination we find for a had,LO µ [ππ] between the π + π − threshold and 1.8 GeV a value of 506.6±2.4, which is to be compared with 506.7 ± 2.3 as obtained from the HVPTools combination. For both calculations the usual local χ 2 /ndof uncertainty rescaling method was applied. Without the rescaling the corresponding results are 506.6 ± 2.0 and 506.7 ± 2.0, respectively. The similarity of the results is maintained when using a phenomenological fit up to 0.6 GeV (see later in text).
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Fig. 2.
Comparison between individual e + e − → π + π − cross-section measurements from BABAR [3, 22] , KLOE 08 [4] , KLOE 10 [23] , KLOE 12 [24] , BESIII [25] , CLEO [12] , CMD-2 03 [27] , CMD-2 06 [28], SND [29] , and the HVPTools combination. The error bars include statistical and systematic uncertainties added in quadrature.
[ cant inconsistencies are found between the most precise BABAR and KLOE datasets. The computation of the dispersion integral over the full π + π − spectrum requires to extend the available data to the region between threshold and 0.3 GeV, for which we use a fit as described below.
Phenomenological fit
The bare e + e − → π + π − annihilation cross section is related to the pion form factor F 0 π (s) (excluding vacuum polarisation) by
where α is the electromagnetic coupling constant, β 0 (s) = 1 − 4m 2 π /s is a threshold kinematic factor and FSR(s) is the final state radiation contribution.
The pion form factor is an analytic function of s in the complex plane, except on the real axis above 4m 2 π . It can be parameterised as a product of two functions [30] 
where
and, exploiting the unitarity constraint which identifies arg(F 0 π ) with the P-wave π + π − phase shift δ 1 (s),
The last term in Eq. (3) accounts for ρ − ω mixing. The function J(s) is taken from Refs. [31, 32] . Owing to ρ dominance, the phase shift δ 1 (s) can be parameterised by [33] cot
The six free parameters α V , κ, m ω , m ρ , B 0 and B 1 are determined by the fit to the π + π − data restricted to the region up to 1 GeV to stay below the threshold of significant inelastic channels. The width of the ω resonance is fixed to its PDG value of 8. The fit is performed using as test statistic a diagonal χ 2 function that accounts for the statistical and systematic uncertainties of the experimental measurements. The same uncertainty rescaling in case of local discrepancies among datasets as for the HVPTools based combination is applied. Correlations are ignored in the test statistic, but accounted for in the uncertainty propagation through a series of pseudo-experiments for each of which the full fit procedure is repeated. This is a conservative procedure, as exploiting correlations in the test statistic would improve the precision of the fit. Actually, the most precise measurements are dominated by systematic uncertainties, whose size and mass dependence as well as correlation among each other and among data points rely on estimates with somewhat limited precision, as discussed in section 2. Since there are also clear indications of a significant underestimate of the size of uncertainties in the discrepant dataset(s), we prefer not to exploit this information in the constrained fit. Pseudo-experiments are also used to assess the goodness-of-fit on the data, which yields a p-value of 0.27. 6 We have checked the reliability of this procedure by generating a set of pseudo-experiments and evaluating the p-value for each of them. The expected distribution of p-values reconstructed this way is indeed uniform between 0 and 1.
A graphical comparison of the fit result with the data is shown in Fig. 4 . In the energy range between 0.3 and 0.6 GeV, the result of the fit yields for a had,LO µ [ππ] a contribution of 109.8 ± 0.4 ± 0.4, where the first error is experimental and the second the model uncertainty. The latter is obtained by adding linearly the absolute values of following two variations: the √ s 0 variation of −0.13 ± 0.10 and the difference of without and with the B 1 ω(s) term of 0.24 ± 0.14, where the uncertainty of each variation accounts for the correlation between the integral results. The corresponding result based on data integration is 109.6±1.0. Taking into account the correlation of 72% between the experimental uncertainties, the difference between the two evaluations amounts to 0.2 ± 0.9. Similarly, for ∆α had (m 2 Z ) the difference is 0.020 ± 0.028. The fit therefore gives compatible but more precise results than the direct data integration.
Other studies using constraints from unitarity and analyticity with the aim to improve the precision of the π + π − HVP contribution to the muon g − 2 exist in the literature. The treatment followed in Ref. [34] is similar to ours with, however, a more elaborate theoretical analysis. Differences are also present in the treatment of experimental data, Ref. [34] using a χ 2 computed globally, including correlations across all the experimental data points and bins in the full mass range of interest. However, in order to avoid too low p-values, some bins of the KLOE measurements were removed in that study and energy rescaling parameters were introduced to fit each measured energy spectrum. A different approach is followed in Ref. [35, 36] where the low-mass contribution was obtained from input data at a fixed mass, followed by a simple average used to combine inputs in the √ s range between 0.65 and 0.71 GeV (and then to combine values from different experiments). Instead of a direct evaluation of the correlations from the published information, they were assumed to be the same between all the combination inputs and an attempt was made to evaluate them based on the resulting χ 2 value. It is possible to directly compare the results for the mass region between threshold and 0.63 GeV. In the present analysis a value of 133.4 ± 0.5 ± 0.4 is found, which agrees with the other results, 132.8±0.4±1.0 [34] and 132.9 ± 0.8 [35, 36] . It is also interesting to compare the results given in Table 1 κ corresponds to a branching fraction of ω into π + π − of (2.09 ± 0.09) · 10 −2 , in agreement with the result extracted from the fit of Ref [34] , (1.95 ± 0.08) · 10 −2 . Both values disagree with the PDG average [8] , (1.51 ± 0.12) · 10 −2 , dominated by the result of Ref. [30] which uses fits to essentially the same data. The fitted ω mass is found to be lower than the PDG average [8] obtained from 3π decays by (0.65 ± 0.12 ± 0.12 PDG ) MeV, in agreement with previous fits of the ρ − ω interference in the 2π spectrum (see for instance Refs. [3, 34] ).
The π + π − contribution
The evaluation of the complete a had,LO µ [ππ] integral for the π + π − contribution from threshold to 1.8 GeV, using the fit up to 0.6 GeV and the HVPTools data combination above, gives 506.9 ± 1.9. The choice of the ranges is justified by the good agreement between fit and combined data integration in the 0.6-1.0 GeV region with, however, no advantage in precision for the fit. The correlation among the two contributions is found to be 62% using pseudo-experiments.
Removing BABAR or KLOE from the dataset gives 505.0 ± 2.1 and 510.6 ± 2.2, respectively, with an absolute difference of 5.6 that is significantly larger than the individual uncertainties. Figure 5 shows a comparison among the most precise a had,LO µ [ππ] evaluations in the interval 0.6-0.9 GeV. The results of all other experiments fall in-between the BABAR and KLOE results, with insufficient precision to resolve the discrepancy. Figure 6 compares the HVPTools combination and the fits without using the BABAR and KLOE data, respectively, with the fit result for the full dataset. In light of this discrepancy, which is not fully captured by the local uncertainty rescaling procedure, we add as additional systematic uncertainty half of the full difference between the complete integrals without BABAR and KLOE, respectively, and we place the central value of the a had,LO µ [ππ] contribution half-way between the two results. To avoid double counting, the local uncertainty rescaling between BABAR and KLOE is not applied, but that between these and the other π + π − datasets is kept. This procedure results in a total π + π − contribution of a had,LO µ [ππ] = 507.8 ± 0.8 ± 3.2, where the first uncertainty is statistical and the second systematic (dominated by the new uncertainty of 2.8).
The K + K − channel
Tensions among datasets are also present in the K + K − channel (see top panel of Fig. 7 for a display of the available measurements). A discrepancy between BABAR and SND was observed for masses between 1.05 and 1.4 GeV, which has been resolved with the most recent SND result [37] so that older SND data are discarded.
Concerns also arise regarding data on the φ(1020) resonance. Previously, a 5.1% difference between CMD-2 at VEPP-2M and BABAR, with the CMD-2 data being lower, was observed. New results from CMD-3 at VEPP-2000 [38] exhibit the opposite effect: they are 5.5% higher than BABAR (cf. Fig. 7 (middle) ). The discrepancy of almost 11% between the two CMD-2/3 datasets, which largely exceeds the quoted systematic uncertainty of 2.2%, of which only 1.2% accounts for uncertainties in the detection efficiency, is claimed to originate from a better understanding of the detection efficiency of low-energy kaons in the CMD-3 data. 7 Given the yet unresolved situation, we keep both CMD-2 and CMD-3 datasets, which, owing to the uncertainty rescaling procedure in presence of discrepancies, leads to a deterioration of the precision (by about a factor of 2) of the combined data (Fig. 7 (bottom) ).
Other channels
Recent measurements have been included in the data combinations: π 0 γ from SND [14] , π + π − 2π 0 from BABAR [10] , π + π − 3π 0 from BABAR [15] , ηπ + π − from BABAR [13] , ηπ + π − π 0 from CMD-3 [9] and SND [17] , φη from CMD-3 [18] , and K S K L π 0 from SND [11] .
Only very few final states remain to be estimated using isospin symmetry. Already in 2017, a significant step was achieved with the BABAR measurements of all the final states contributing to the KKπ and KKππ channels, so that previous isospin-based estimates became obsolete. Now the only significant (albeit small) contribution obtained with the use of isospin constraints is that for the π + π − 4π 0 channel. The part excluding η3π, which is obtained from measured processes and reevaluated in this analysis, amounts to a fraction of the total dispersion integral of only 0.016% with an assigned systematic uncertainty of 100%. One could also question the completeness of the set of exclusive processes considered below 1.8 GeV, including up to 6-pion and KK+3 pions. A recent measurement of the 3π + 3π − π 0 cross section by CMD-3 [16] allows one to estimate a very small total 7-pion contribution, included in this analysis, of only 0.002%. Although such highmultiplicity channels appear to be contributing negligibly below 1.8 GeV their importance is likely to increase above.
All other contributions are identical to the ones described in our previous analysis [1] , except for a reevaluation of the contribution from ω decay modes not reconstructed in other exclusive channels.
Compilation and results
A compilation of the various contributions to a had,LO µ and to ∆α had (m 2 Z ), as well as the total results are given in Table 2 . The experimental uncertainties are separated into statistical, channel-specific systematic, and common systematic contributions that are correlated with at least one other channel. The contributions from the J/ψ and ψ(2S) resonances in Table 2 are obtained by numerically integrating the corresponding undressed 8 Breit-Wigner lineshapes. The uncertainties 8 The undressing uses the BABAR programme AFKVAC, correcting for both leptonic and hadronic VP effects. The hadronic part is obtained from a numerical integration over cross section data for the continuum, supplemented by analytical expressions for the contributions of narrow resonances including both their real and imaginary components. The resulting correction factors reduce the J/ψ and ψ(2S) contributions to a had,LO µ by about 4% and are known to a precision of better than 10 −3 . See text for a description of the data used. Middle: comparison between individual e + e − → K + K − cross-section measurements from BABAR [39] , CMD-2 [40] , CMD-3 [38] and SND [37] , and the HVPTools combination. Bottom: local scale factor versus centre-of-mass energy applied to the combined K + K − cross-section uncertainty to account for inconsistency in the individual measurements. π 0 γ 4.29 ± 0.06 ± 0.04 ± 0.07 0.35 ± 0.00 ± 0.00 ± 0.01 ηγ 0.65 ± 0.02 ± 0.01 ± 0.01 0.08 ± 0.00 ± 0.00 ± 0.00 π + π − 507.80 ± 0.83 ± 3.19 ± 0.60 34.49 ± 0.06 ± 0.20 ± 0.04 π + π − π 0 46.20 ± 0.40 ± 1.10 ± 0.86 4.60 ± 0.04 ± 0.11 ± 0.08 2π + 2π − 13.68 ± 0.03 ± 0.27 ± 0.14 3.58 ± 0.01 ± 0.07 ± 0.03 π + π − 2π 0 18.03 ± 0.06 ± 0.48 ± 0.26 4.45 ± 0.02 ± 0.12 ± 0.07 2π + 2π − π 0 (η excl.) 0.69 ± 0.04 ± 0.06 ± 0.03 0.21 ± 0.01 ± 0.02 ± 0.01 π + π − 3π 0 (η excl.) 0.49 ± 0.03 ± 0.09 ± 0.00 0.15 ± 0.01 ± 0.03 ± 0.00 3π + 3π − 0.11 ± 0.00 ± 0.01 ± 0.00 0.04 ± 0.00 ± 0.00 ± 0.00 2π + 2π − 2π 0 (η excl.) 0.71 ± 0.06 ± 0.07 ± 0.14 0.25 ± 0.02 ± 0.02 ± 0.05 π + π − 4π 0 (η excl., isospin) 0.08 ± 0.01 ± 0.08 ± 0.00 0.03 ± 0.00 ± 0.03 ± 0.00 ηπ + π − 1.19 ± 0.02 ± 0.04 ± 0.02 0.35 ± 0.01 ± 0.01 ± 0.01 ηω 0.35 ± 0.01 ± 0.02 ± 0.01 0.11 ± 0.00 ± 0.01 ± 0.00 ηπ + π − π 0 (non-ω, φ) 0.34 ± 0.03 ± 0.03 ± 0.04 0.12 ± 0.01 ± 0.01 ± 0.01 η2π + 2π − 0.02 ± 0.01 ± 0.00 ± 0.00 0.01 ± 0.00 ± 0.00 ± 0.00 ωηπ 0 0.06 ± 0.01 ± 0.01 ± 0.00 0.02 ± 0.00 ± 0.00 ± 0.00 ωπ 0 (ω → π 0 γ) 0.94 ± 0.01 ± 0.03 ± 0.00 0.20 ± 0.00 ± 0.01 ± 0.00 ω2π (ω → π 0 γ) 0.07 ± 0.00 ± 0.00 ± 0.00 0.02 ± 0.00 ± 0.00 ± 0.00 ω (non-3π, πγ, ηγ) 0.04 ± 0.00 ± 0.00 ± 0.00 0.00 ± 0.00 ± 0.00 ± 0.00
0.05 ± 0.00 ± 0.00 ± 0.00 0.01 ± 0.00 ± 0.00 ± 0.00 KKπ 2.45 ± 0.05 ± 0.10 ± 0.06 0.78 ± 0.02 ± 0.03 ± 0.02 KK2π 0.85 ± 0.02 ± 0.05 ± 0.01 0.30 ± 0.01 ± 0.02 ± 0.00 KK3π (estimate) −0.02 ± 0.01 ± 0.01 ± 0.00 −0.01 ± 0.00 ± 0.00 ± 0.00 ηφ 0.33 ± 0.01 ± 0.01 ± 0.00 0.11 ± 0.00 ± 0.00 ± 0.00 ηKK (non-φ) 0.01 ± 0.01 ± 0.01 ± 0.00 0.00 ± 0.00 ± 0.01 ± 0.00 ωKK (ω → π 0 γ) 0.01 ± 0.00 ± 0.00 ± 0.00 0.00 ± 0.00 ± 0.00 ± 0.00 ω3π (ω → π 0 γ) 0.06 ± 0.01 ± 0.01 ± 0.01 0.02 ± 0.00 ± 0.00 ± 0.00 7π (3π + 3π − π 0 + estimate) 0.02 ± 0.00 ± 0.01 ± 0.00 0.01 ± 0.00 ± 0.00 ± 0.00 and ∆α had (m 2 Z ) as obtained from HVPTools, and the phenomenological fit for the π + π − contribution below 0.6 GeV. Where three (or more) uncertainties are given, the first is statistical, the second channel-specific systematic, and the third common systematic, which is correlated with at least one other channel. For the contributions computed from QCD, only total uncertainties are given, which include effects from the αS uncertainty, the truncation of the perturbative series at four loops, the FOPT vs. CIPT ambiguity, and quark mass uncertainties. Except for the latter uncertainty, all other uncertainties are taken to be fully correlated among the various energy regions where QCD is used. The additional uncertainty dubbed "dual" estimates possible quark-hadron duality violating effects in the QCD estimate between 1.8 and 2.0 GeV. The uncertainties in the Breit-Wigner integrals of the narrow resonances J/ψ and ψ(2S) are dominated by the the respective electronic width measurements [8] . The uncertainties in the sums (last line) are obtained by quadratically adding all statistical and channel-specific systematic uncertainties, and by linearly adding correlated inter-channel systematic uncertainties. [47] and KEDR [48, 49] are shown as data points, while the sum of exclusive channels from this analysis is given by the narrow blue bands. Also shown is the prediction from massless perturbative QCD (solid red line).
in the integrals are dominated by the knowledge of the corresponding bare electronic width Γ 0 R→ee for which we use the values 5.60 ± 0.06 keV for R = J/ψ [41] and 2.35 ± 0.05 keV for R = ψ(2S) [8] .
Sufficiently far from the quark thresholds we use four-loop [42] perturbative QCD, including O(α 2 S ) quark mass corrections [43] , to compute the inclusive hadronic cross section. Nonperturbative contributions at 1.8 GeV were determined from data [44] and found to be small. The uncertainties of the R QCD contributions given in Table 2 are obtained from the quadratic sum of the uncertainty in α S (we use α S (m 2 Z ) = 0.1193±0.0028 from the fit to Z precision data [45] ), the truncation of the perturbative series (we use the full fourloop contribution as systematic uncertainty), the difference between fixed-order perturbation theory (FOPT) and, so-called, contour-improved perturbation theory (CIPT) [46] , as well as quark mass uncertainties (we use the values and uncertainties from Ref. [8] ). The former three uncertainties are taken to be fully correlated between the various energy regions (see Table 2 ), whereas the (smaller) quark-mass uncertainties are taken to be uncorrelated.
To examine the transition region between the sum of exclusive measurements and QCD we have computed a had,LO µ and ∆α had (m 2 Z ) in the narrow energy interval 1.8-2.0 GeV. For the former quantity we find 7.65 ± 0.31 and 8.30 ± 0.09 for data and QCD, respectively. The full difference of 0.65 (0.28 · 10 −4 in the case of ∆α had (m 2 Z )) is assigned as additional systematic un-certainty, labelled by "dual" subscripts in Table 2 . It accounts for possible low-mass quark-hadron duality violation effects in the perturbative QCD approximation that we use for this interval to avoid systematic effects due to unmeasured high-multiplicity channels. Figure 8 shows the total hadronic e + e − annihilation rate R versus centre-of-mass energy as obtained from the sum of exclusive data below 2 GeV and from inclusive data between 1.8 and 5 GeV. 9 Also indicated are the perturbative QCD prediction above 1.5 GeV and the analytical narrow J/ψ and ψ(2S) resonances.
Muon magnetic anomaly
Adding all lowest-order hadronic contributions together gives a had,LO µ = 693.9 ± 4.0 ,
which is dominated by experimental systematic uncertainties (cf. Table 2 for a separation of the total uncertainty into its components), with an uncertainty of 2.8 originating from the BABAR versus KLOE discrepancy in the π + π − channel. The new result is 0.8 units larger than our previous evaluation [1] , 693.1 ± 3.4, mostly because we symmetrised the new BABAR/KLOE system- 9 We have verified that the integration of the finely binned R distribution shown in Fig. 8 , together with its covariance matrix, accurately reproduces the a had,LO µ and ∆α had (m 2 Z ) results obtained by summing the exclusive modes below 1.8 GeV in Table 2. atic uncertainty. The total uncertainty is increased by 18%. The result without the additional BABAR/KLOE systematic uncertainty is 692.9 ± 3.2.
Adding to (6) the contributions from higher order hadronic loops, −9.87 ± 0.09 (NLO) and 1.24 ± 0.01 (NNLO) [50] , hadronic light-by-light scattering, 10.5 ± 2.6 [51] , as well as QED, 11 658 471.895 ± 0.008 [52] (see also [53] and references therein), and electroweak effects, 15.29 ± 0.10 [54] , we obtain the complete SM prediction a SM µ = 11 659 182.9 ± 4.0 ± 2.6 ± 0.1 (4.8 tot ) ,
where the uncertainties account for lowest and higher order hadronic, and other contributions, respectively. The result (7) A compilation of recent SM predictions for a µ compared with the experimental result is given in Fig. 9 .
Running electromagnetic coupling at m 2

Z
The sum of all quark-flavour terms from Table 2 gives for the hadronic contribution to the running of α(m 2 Z )
the uncertainty of which is dominated by data systematic effects (0.7 · 10 −4 ) and the uncertainty in the QCD prediction (0.6·10 −4 ). The result without the new BABAR/KLOE systematic uncertainty is 275.3 ± 0.9. Adding to (8) the four-loop leptonic contribution, ∆α lep (m 2 Z ) = (314.979 ± 0.002) · 10 −4 [58] , one finds α −1 (m 2 Z ) = 128.946 ± 0.013 .
The current uncertainty on α(m 2 Z ) is sub-dominant in the SM prediction of the W -boson mass (the dominant uncertainties are due to the top mass and of theoretical origin), but dominates the prediction of sin 2 θ eff , which, however, is about twice more accurate than the combination of all present measurements [45] .
Conclusions and perspectives
Using newest available e + e − → hadrons cross-section data we have reevaluated the lowest-order hadronic vacuum polarisation contribution to the Standard Model prediction of the anomalous magnetic moment of the muon, and the hadronic contribution to the running electromagnetic coupling strength at the Z-boson mass. For the former quantity we find a had,LO µ = (693.9±4.0)· 10 −10 . In spite of new data and the use of a more precise fit to evaluate the threshold region up to 0.6 GeV, the uncertainty on this contribution has increased to 0.6% since our last evaluation [1] , due to the addition of a new systematic uncertainty to account for a global discrepancy between π + π − data from BABAR and KLOE. Thus, the contribution of the π + π − channel to the total uncertainty-squared becomes 71%. Resolving this discrepancy would allow a reduction in the a had,LO µ uncertainty by 20%.
The discrepancy between measurement and complete Standard Model prediction remains at a nonconclusive 3.3σ level. The new Fermilab g − 2 experiment currently in operation [59] aims at up to four times better ultimate precision and has the potential to clarify the situation.
To match the precision of the new experiment further progress is needed to reduce the uncertainty on a had,LO µ from dispersion relations. New analyses of the dominant π + π − channel are underway at the BABAR, CMD-3 and SND experiments for which a systematic uncertainty below 0.5% may be reachable. It is also important to improve the precision of the π + π − π 0 and K + K − channels. The new Belle-2 experiment at the KEK Super-B factory will also contribute to measuring hadronic cross sections via the ISR method once the machine and detector commissioning have been accomplished.
Independently of the data-driven approach, lattice QCD calculations of a had,LO µ are also progressing albeit not yet reaching competitive precision [60] .
The determination of a had,LO µ is closing in the estimated uncertainty of the hadronic light-by-light scattering contribution a had,LBL µ of 2.6 · 10 −10 , which appears irreducible at present. Here only phenomenological models have been used so far and lattice QCD calculations could have a strong impact [61] .
